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Abstract
We investigate the recently developed theory of multiple membranes. In
particular, we consider open membranes, i.e. the theory defined on a membrane
world volume with a boundary.
We first restrict our attention to the gauge sector of the theory. We obtain
a boundary action from the Chern-Simons terms.
Secondly, we consider the addition of certain boundary terms to various
Chern-Simons theories coupled to matter. These terms ensure the full bulk
plus boundary action has the correct amount of supersymmetry. For the ABJM
model, this construction motivates the inclusion of a boundary quartic scalar
potential. The boundary dynamics obtained from our modified theory produce
Basu-Harvey type equations describing membranes ending on a fivebrane.
The ultimate goal of this work is to throw light on the theory of fivebranes
using the theory of open membranes.
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1 Introduction
For over a decade since the discovery of M-theory, the search for an adequate de-
scription of multiple and coincident membranes, was fruitless. For a review of branes
in M-theory see [1]. Recently, a significant breakthrough in this direction was made
by Bagger and Lambert (BL) [2–4], and separately by Gustavsson [5], with the re-
markable discovery of a 3-dimensional maximally supersymmetric (N = 8) theory
endowed with SO(8) R-symmetry. The BL theory is based on a novel algebraic struc-
ture called a three-algebra. However, the conditions placed on the structure constants
of this algebra, namely complete antisymmetry and a generalization of the Jacobi iden-
tity, prove to be very restrictive [6]. Essentially, there is a unique finite-dimensional
three-algebra with a positive definite metric. With this choice of algebra, the BL
can also be described in a more conventional way as supersymmetric Chern-Simons
gauge theory with a SU(2) × SU(2) product gauge group and bi-fundamental mat-
ter [7]. This theory is thought to describe two membranes in a non-trivial orbifold-like
background [8,9].
Much work has gone into generalising the BL theory to account for an arbitrary
number of membranes. One approach is to relax the positivity condition on the three-
algebra. This leads to the so-called Lorentzian BL models [10–12] . Another approach,
which has received much attention, is the ‘ABJM’ model [13]. This shares many
features with BL theory and, indeed, can be built from a three-algebra by relaxing
the condition of complete antisymmetry on the structure constants [14]. Like the BL
theory this is a super Chern-Simons theory with bi-fundamental matter but with a
more general G = U(N) × U(N) product gauge group. Unlike the BL theory, the
only R-symmetry manifestly is SU(4) and therefore the theory only possesses N = 6
supersymmetry. The theory is characterized by an integer parameter, the Chern-
Simons level k. At a general level k this theory is thought to describe membranes
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whose transverse space is an orbifold C4/Zk and is conjectured to be the CFT dual to
AdS4 × S7/Zk geometry. In the case of k = 1 it is proposed that the supersymmetry
is enhanced to N = 8 and that the theory describes N membranes in flat space with
a geometric dual of AdS4 × S7. Interestingly, there is also a ’t Hooft limit given by
taking both N and k large with λ = N/k fixed. In this limit the theory admits a dual
geometric description of AdS4 × CP3.
Alongside the M2 stands another extended object of M-theory; the M5-brane. The
world volume theory of even a single M5 brane is a complicated affair. A key reason
for this complexity is the self dual two-form contained in the (2,0) tensor multiplet
describing the world volume fields. Generalizing this to any non-abelian version is
harder still and it seems highly unlikely that there is a straightforward way to do so.
A full theory of multiple M5-branes currently remains a distant prospect.
An important tool in the study of M5 branes is the membrane. Open membranes
end on M5 branes much as open strings end on D-branes [15, 16]. By studying open
membranes one could hope to learn about the M5 brane. A striking example of
this idea is the derivation of the M5 brane equations of motion from demanding κ-
symmetry in the open membrane action [17]. In the context of BL theory there has
already been some interesting work in attempting to extract information about the
M5 brane [18].
The system of a membrane ending on a fivebrane has two alternative view points.
From the membrane perspective it is conjectured, in analogy to the D1-D3 system
in string theory, that the ending can be described as a fuzzy S3 funnel solution of
the Basu-Harvey equation [19, 20] and as a solution of the mass deformed ABJM
model [21]. From the perspective of the M5, the M2 brane appears as a string like
soliton of the non-linear world volume equations of motion. This soliton is known as
the self dual string (SDS) [22].
This paper will work towards a further description of the open membrane. We will
attempt to generalize the recently developed theory of interacting membranes to the
describe multiple membranes whose world volume possess a boundary. This boundary
should correspond to self dual strings.
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In section 2, we shall restrict our attention to the gauge sector of ABJM theory
with a boundary. We find that this sector can be expressed as a non-chiral WZW-
type model with a central charge that scales like N . This result is consistent with the
expected scaling of the degrees of freedom of the self dual string.
In the remainder of the paper we consider the full ABJM theory with a bound-
ary. The presence of a boundary should break half the supersymmetry; the boundary
obviously breaks translational symmetry and, since supersymmetry closes on trans-
lations, it is inevitable that the presence of boundary will also break supersymmetry.
A few moments of contemplation will reveal that only a half the supersymmetry can
be preserved. We employ and extend the method of [23] to supplement the ABJM
theory with an appropriate boundary action so that the correct amount of symme-
try is preserved. We will find the BPS Basu-Harvey type equations are rediscovered
as boundary conditions for the open membranes. (This is a fairly involved proce-
dure and before tackling ABJM we address some less supersymmetric Chern-Simons
matter theories.)
In section 3, we outline the procedure of [23] which allows for the construction of
1/2 supersymmetric actions for manifolds with a boundary. In section 4, we recap
how this procedure applies to the N = 1 abelian Chern-Simons theory and pay
special attention to boundary conditions. In section 5, we consider the N = 1 Chern-
Simons matter theory. In sections 6,7,8, we generalize this construction to N = 2
superspace and apply this to abelian Chern-Simons matter theory. In section 9, we
apply these considerations to the ABJM model formulated in N = 2 superspace [30].
In this N = 2 description we are readily able to lift the construction of N = 1
case and draw some interesting conclusions. A downside of working with N = 2 is
that we will only ever have partial knowledge of the consequence of a boundary since
not all the supersymmetry is manifest. There have been some formulations of both
Bagger-Lambert and ABJM using more extended superspaces [31–34] and it would be
interesting to address the issue of a boundary in these formalisms. Although we do
not tackle the full non-abelian gauge sector in this paper we are able to motivate the
inclusion of a certain boundary potential for the matter fields. This paper should be
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viewed as the first step in a complete rigorous study of membrane boundary theories
whose eventual goal is to learn about the fivebrane.
2 Boundary Theory of The Gauge Sector
As a warm up to the ideas involved we examine the pure gauge sector. The Chern-
Simons action is not gauge invariant in the presence of a boundary unless specific
boundary conditions are added that ultimately induce physical degrees of freedom
on the boundary. This is an example of the generic idea we wish to explore. We
will produce a boundary action that allows the preservation of the right amount of
symmetries (supersymmetry) but at first we will explore the idea with the well known
case of Chern-Simons theory.
The Chern-Simons action for a Lie algebra valued gauge field, A, is given by
S[A] =
k
4pi
∫
M
Tr
(
A ∧ dA+ 2
3
A ∧ A ∧ A
)
, (1)
where M is a 3-dimensional manifold. Demanding invariance of the path under large
gauge transformations requires the Chern-Simons level k be quantized. When the
theory has no boundary it is purely topological; the metric does not enter into the
definition of the theory3. If M = Σ × R and thus ∂M = ∂Σ × R, one can show
that S[A] depends only on the values of the gauge field on the boundary and can be
expressed as a WZW model [25–27]. Consider the simplest case where Σ is a disc
with coordinates (r, θ) and the R direction is identified with time. In this case the
boundary of M is a cylinder. After choosing A0 = 0 as an Euler-Lagrange boundary
condition one finds that A0 is a Lagrange multiplier enforcing a Gauss’ law constraint
on the remaining components of the gauge field. Solving the constraint and a little
algebra yields the WZW model,
Swzw[U ] =
k
4pi
∫
∂M
dθdτTr(U−1∂θUU−1∂tU) +
k
12pi
∫
M
Tr(U−1dU)3 , (2)
where U is group valued. The second term at first seems to suggest that the theory
depends on the value of U across the whole of M . This is illusory; under a change
3though at a quantum level it is more subtle to show the topological nature
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of extension the action differs only by an integer multiple of 2pi and leaves a path
integral unaltered [24]. An important observation is that this is a chiral WZW model.
The kinetic term is non standard since it is first order in time derivatives. Careful
consideration of the symmetries of this theory shows that only a left action of the
group given by U(θ, t) → V (θ)U(θ, t) is a true global symmetry and this gives rise
to a chiral current algebra [26]. We note however, that although the kinetic term is
non-standard, we do not obviously have the equation of motion for a chiral boson [44].
We will return to this issue presently.
The gauge kinetic term of the ABJM (and BL) theory is similar to the above
Chern-Simons action. However, the gauge group is now a product G = U(N)×U(N),
and there are two gauge fields, A and Aˆ; one for each factor. The kinetic term is now
S =
k
4pi
∫
M
Tr
(
A ∧ dA+ 2
3
A ∧ A ∧ A
)
− k
4pi
∫
M
Tr
(
Aˆ ∧ dAˆ+ 2
3
Aˆ ∧ Aˆ ∧ Aˆ
)
, (3)
with the essential difference in sign between the two factors. The case of BL SU(2)×
SU(2) theory was discussed in [36] where it was proposed that the associated WZW
model has a six-dimensional target space. This target space could perhaps be related
to the M5 world volume geometry back reacted by multiple self-dual strings. That
analysis was, of course, predicated on the conjecture that the SU(2)× SU(2) theory
of the BL was unique and could describe multiple M2s. The subsequent emergence
of the more general ABJM model, and the understanding that BL describes only two
membranes, invites us to revise such an interpretation.
A key observation to make is that the Chern-Simons action (1) is not parity
invariant. We will denote our coordinates in three dimensions as xµ = {x0, x1, x3}.
The action of parity is a refelection in either spatial coordinate and is given by [27]
P : x = {x0, x1, x3} 7→ x′ = {x0, x1,−x3} , (4)
P : A = {A0(x), A1(x), A3(x)} 7→ A′ = {A0(x′), A1(x′) ,−A3(x′)} . (5)
On spinors this acts with the multiplication by γ3. Under this action the Chern-
Simons term picks up a minus sign. The ABJM theory is then parity invariant with
the additional identification that parity also swaps the two gauge fields [7].
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When we have a boundary, which we will henceforth assume to be in the x3
direction, the Lorentz symmetry is broken and it makes a difference which spatial
coordinate one chooses to reflect in. If, instead of the above parity operation (which
we shall denote as P(3)) we choose to reflect the x1 direction with a corresponding
operator P(1) then we can develop a notion of chirality. We may define chirality
projectors on spinors as P± = 12(1 + γ
3). Then P(1) acts essentially by swapping plus
with minus i.e. it switches chirality and swaps over light cone coordinates x± = x0±x1.
For example on a spinor, P(1) : ψ+ = P+ψ 7→ P+γ1ψ = γ1P−ψ = γ1ψ−. Again for the
ABJM model these actions are to be combined with a switch of fields.
With this in mind we understand that the G = U(N)×U(N) gauge kinetic terms
of the ABJM model produces two chiral WZW models. The three dimensional parity
transformation descends to a two dimensional chirality transformation and has the
effect of switching the two WZW factors. In short, the two gauge fields and relative
sign of the levels are exactly what is needed to construct a full non-chiral string.
A useful observation at this stage is that in deriving the WZW model we choose a
boundary condition A0 = Aˆ0 = 0. This boundary condition is compatible with parity
invariance and as a result the final boundary theory is non-chiral.
It is interesting to note that one would arrive at a similar non-chiral string by
considering a single gauge group but when Σ has the topology of an annulus rather
than a disc [26].
The fact that the left and right moving sectors are decoupled means that the
central charge is given by the usual result (see e.g. [37])
c =
kdimSU(N)
k + h˜SU(N)
=
k(N2 − 1)
k +N
. (6)
For large N and fixed k this scales linearly in N . It is worth viewing this in terms
of the ’t Hooft coupling in the ABJM model. It was demonstrated in [13] that the
effective ’t Hooft coupling of the theory is λ = N
k
.
There are two natural limits to examine, large and small ’t Hooft coupling. In the
large ’t Hooft coupling limit,
λ >> 1 c→ kN = k2λ (7)
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and in the small ’t Hooft coupling limit where
λ << 1 c→ N2 = k2λ2. (8)
As explained in the introduction, open membranes can end on five-branes. The
M5 world volume description of this is the self dual string soliton solution to the non-
linear five-brane equations of motion. One can calculate the absorbtion cross section
of scalar fluctuations of the five-brane equations of motion in the SDS background.
This indicates that the number of degrees of freedom of the SDS scales linearly with
the SDS charge [38] or, equivalently, linearly with the number of M2 branes. More
subtle anomaly considerations confirm this result [39] and can also indicate how the
degree of freedom count depends on the number of five-branes (for a review of all of
this see [1]).
The linear scaling with N of the central charge derived above suggests we are
on the right track in trying to interpret the boundary theory of open membranes as
describing N coincident self dual strings in the large ’t Hooft coupling limit.
It remains a (realistic) calculational challenge to reproduce the N2 scaling of the
boundary in the weak ’t Hooft coupling theory.
Of course, the derivation of the WZW model is innately tied to the topological
nature of the Chern-Simons theory. Considering the full ABJM model makes such
an interpretation much harder due to the decidedly non-topological matter sector.
Nevertheless, it seems that degrees of freedom associated to the self dual string may
arise as the remnants of the would-be non-propagating pure gauge degrees of freedom
in the membrane.
3 N = 1 Supersymmetry with Boundary - General Theory
We now move on to discuss the supersymmetric theory. We will use supersymmetry to
motivate the inclusion of certain boundary terms for the case of open membranes. In
particular, we shall try to build an action that is automatically supersymmetric in the
presence of a boundary. This construction requires no boundary condition and thus
holds off-shell i.e. without the imposition of Euler-Lagrange boundary conditions.
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We shall ultimately use the N = 2 superspace form of the ABJM model introduced
in [30], but, before exploring that, we review the approach for some simpler models.
We first introduce a formalism employed by Belyaev and van Nieuwenhuizen, [23],
for N = 1 supersymmetry and apply this Chern-Simons matter theories. We then
develop this idea to tackle N = 2 supersymmetry and the ABJM theory.
In [23] it is shown how to build 3-dimensional supersymmetric actions when space-
time has a boundary and we now review this procedure. A N = 1 scalar superfield is
given by4
Φ = a+ θψ − θ2f , (9)
and can be integrated over superspace to form an action
S0 =
∫
d3x
∫
d2θΦ =
∫
d3x f . (10)
The supersymmetry transformations,
δΦ = QΦ⇒

δa = ψ
δψα = −αf + (γµ)α∂µa
δf = −γµ∂µψ ,
(11)
ensure that the action varies to a total derivative under rigid supersymmetry. When
space-time has no boundary such terms can be safely ignored using generic arguments
and the action is thus supersymmetric. In the case that space-time has a boundary,
which we will assume throughout to be spatial and lie at x3 = 0, we must pay attention
to this surface term. Without any other considerations we have broken supersymmetry
as δS0 = −∂µ(γµψ).
One might stop here and say that supersymmetry is recovered by imposing some
boundary conditions. However, we should be clear in distinguishing Euler-Lagrange
boundary conditions which are associated with equations of motion and the kind of
boundary condition that are required to enforce supersymmetry off-shell. Instead the
approach advocated by [23] is to build actions that are supersymmetric without the
need for any boundary conditions. Only then, having built such a bulk + boundary
4See appendix for details of supersymmetry conventions.
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supersymmetric action, should one go ahead and calculate the EL field equations and
boundary conditions if so desired.
Consider the following boundary action
S1 = −
∫
d3x∂3Φ|θ=0 = −
∫
d3x∂3a , (12)
with supersymmetry variation
δS1 = −
∫
d3x ∂3(ψ) . (13)
Then the combination S0 ± S1 has variation
δ[S0 ± S1] = ∓
∫
d3x∂3[(1± γ3)ψ] = ∓
∫
d3x∂3[2∓ψ±] (14)
where we have defined projected spinors ψ± ≡ P±ψ ≡ 12(1± γ3)ψ. Then
δ[S0 ± S1] = 0⇔ ∓ = 0 . (15)
Hence the modified action preserves half (N = (1, 0) or (0, 1)) of the supersymmetry
generated by ∓Q±.
We may augment this minimal process by including an extra N = (1, 0) 2-
dimensional theory defined solely on the boundary. To this end it is helpful to relate
3-dimensional N = 1 multiplets to 2-dimensional N = (1, 0) multiplets. This is
detailed in the appendix.
4 N = 1 Super Chern-Simons with Boundary
Let us apply this formalism to N = 1 abelian Chern-Simons theory. This is addressed
in [23] and we recapitulate this here for convenience and to clarify a few subtleties
which will become important in the more involved scenarios we consider later on.
We begin with a spinor superfield,
Γα = χα − θaM + (γµθ)αvµ − θ2[λ+ γµ∂µχ]α , (16)
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which contains the 3-dimensional vector field as one of its components. The notion of
gauge transformation is extended to superspace
δGΓα = DαΦ⇒

δGχ = ψ
δGM = f
δGvµ = ∂µa
δGλ = 0 .
(17)
When an action is invariant under this gauge transformation the arbitrary shifts in
M and χ allow the WZ gauge choice M = χ = 0. The gauge invariant field strength
is given as
Wβ = D
αDβΓα = λβ + 2
µνρ(θγρ)β∂µvν + θ
2(γµ∂µλ)α . (18)
The Chern-Simons action is given by
SCS0 =
∫
d3x
∫
d2θ ΓαWα (19)
=
∫
d3xλλ− 4µνρvµ∂νvρ − ∂µ(χγµλ) . (20)
Notice that the auxiliary field M is entirely absent and that χ enters only as a total
derivative. This action is gauge invariant only up to a total derivative
δGS
CS
0 =
∫
d3x∂µ[λγ
µψ + 4µνλ∂νavλ] . (21)
When we have a boundary we must be careful about such terms. In keeping with our
overall philosophy we do not impose a boundary condition just to restore a symmetry.
For the moment we take the view point that we have destroyed the gauge symmetries
δGχ = ψ , δGvm = ∂ma , (22)
where m = {0, 1}. The symmetry associated to the absent field M remains (trivially)
as does that corresponding to v3. The supersymmetry is also destroyed.
We now follow the procedure of the preceding section and add a supersymmetric
restorative term
SCS1 = −
∫
d3x∂3(Γ
αWα)|θ=0 = −
∫
d3x∂3(χ
αλα) (23)
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Then
SCS0 + S
CS
1 =
∫
d3xλλ− 4µνρvµ∂νvρ − ∂3(2λ+χ−) (24)
is, by construction, invariant under +Q− supersymmetry transformations. Notice
that by the elimination of χ+ we have also restored some gauge symmetry namely
δGχ+ = ψ+ . (25)
Unfortunately this modified action is a little awkward since the non-propagating gaug-
ino has a coupling on the boundary. This prevents us from straightforwardly integrat-
ing out the gaugino which is something we may wish to do when we couple to matter.
We would like to remove this term without resorting to an ad-hoc off-shell bound-
ary condition on λ and thereby voiding the construction of supersymmetry without
boundary conditions.
We are at liberty to supplement this construction with any two-dimension N =
(1, 0) theory defined on the boundary. Suppose this system is built from the same
fields we already have. Then we can find appropriate actions by decomposing Γα into
co-dimension 1 superfields as is detailed in the appendix. One finds that
Γˆ−α = χ−α + (γ
mθ+)αvm (26)
Σˆ+m = vm + θ+[
1
2
γmλ+ + ∂mχ−] (27)
are two such 2D N=(1,0) superfields. From these we can form the boundary action
SCS2 = −2
∫
d3x∂3
{∫
dθα+γ
mβ
α Γˆ
−
β Σˆ
+
m
}
(28)
= 2
∫
d3x∂3[χ−λ+ + χ−γm∂mχ− + vmvm] . (29)
We combine this with our previous expressions to find a total action for Chern-Simons
with a boundary
SCStot = S
CS
0 + S
CS
1 + S
CS
2 =
∫
d3xλλ− 4µνρvµ∂νvρ + 2∂3[χ−γm∂mχ− + vmvm] (30)
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which preserves + supersymmetry and which contains a non-propagating gaugino
which can be easily integrated out. It is interesting to note the appearance of a
dynamical fermion on the boundary. This field, which would have been pure gauge
in the WZ sense, has been promoted to become dynamical. This sort of behavior is
analagous to the purely bosonic case we looked at before. It should be noted that
the kinetic term for this field is really chiral; one simply makes use of the identity
γ0γ1 = γ3 to show
χ−γm∂mχ− = χ−γ1∂+χ− . (31)
The new combined action has gauge transformation
δGS
CS
tot =
∫
d3x4∂3[ψ−γm∂mχ− + (ηmn + mn)∂mavn] (32)
=
∫
d3x4∂3[ψ−γm∂mχ− − ∂+av−] , (33)
where we have defined light cone combinations v± = v0 ± v1. So for the final action
the full set of gauge symmetries are
δv− = ∂−a , δv3 = ∂3a , (34)
δM = f , δχ+ = ψ+ , (35)
(the last two are somewhat trivial since those fields are absent).
In summary we started with S0, (19), an action that was neither gauge invariant
nor supersymmetric in the presence of a boundary. We added a suitable term S1, (23)
to restore + susy. We then added a separate boundary action S2, (28) which in itself
is + supersymmetric. The final result is a combined action, S
CS
tot = S0 + S1 + S2,
(30), which preserves half the supersymmetry and ‘half’ the gauge symmetry. Since
χ− appears in the final theory as a propagating boundary field it seems that we might
have to be cautious about adopting Wess-Zumino gauge. We shall return to this point
when we discuss couplings to matter.
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4.1 EL boundary conditions and WZW model revisited
We are now in a position to perform an Euler Lagrange variation of the total action.
We find the bulk variation yields the usual equations of motion
λ = µνρ∂µvρ = 0 (36)
and the boundary variation requires
(v+δv− + δχ−γm∂mχ−)∂M = 0 . (37)
With respect to the transverse direction we view this equation as having the form
pδq. Neumann conditions are of the form p = 0 and Dirichlet are q = const. The
correct supersymmetric boundary conditions can be easily read off from the boundary
N = (1, 0) multiplets we have used earlier (27). The Neumann condition is, given in
terms of those multiplets, Σˆ+m=+ = 0 and the Dirichlet is Γˆ
−
α = const. For the gauge
field these are just v+ = 0 for Neumann and v− = 0 for Dirichlet5.
Even in the bosonic sector the vmv
m boundary term in (30) is a departure from
the standard CS theory. This has an implication for the boundary model obtained. If
we compare to the discussion in section 2, we see that we have a different boundary
condition. Instead of v0 = 0, we may choose v+ = v0 + v1 = 0. In the bosonic action
Sbos =
∫
M
d3x − 4µνρvµ∂νvρ + 2∂3[vmvm] (38)
we may make use of the boundary condition and carry out some integration by parts
to obtain
Sbos = −4
∫
M
d3x 0ij (v0(∂ivj − ∂jvi)− viv˙j + ∂j(viv0)) (39)
with xi = {x1, x3}. In the standard derivation of the boundary WZW action one
would now use the b.c. to eliminate the total derivative term in the above, and
having done so, v0 becomes a simple Lagrange multiplier. Although we can not do
5The Dirichlet condition on a superfield allows the lowest component to be a non-zero constant
but other components must be zero.
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exactly this we can still use the boundary condition to modify the total derivative
term by replacing v0 with −v1 on the boundary. The action is equivalent to
Sbos = −4
∫
M
d3x 0ij (2v0∂ivj − viv˙j − ∂j(viv1)) . (40)
We can now use the field equation for v0 to invoke the pure gauge constraint vi = ∂iU .
Plugging into the action we are left with
Sbos = −4
∫
M
d3x0ij (−∂j(∂iU∂0U)− ∂j(∂iU∂1U)) (41)
= 4
∫
∂M
dx0dx1 (∂1U∂0U + ∂1U∂1U)) . (42)
The result appears surprising since manifest Lorentz symmetry appears to be lost and
the kinetic term looks somewhat unconventional. However this sort of two-dimensional
action is not unknown; it is the Floreanini Jackiw (FJ) action [43] for a chiral field.
The field equations show that ∂0∂1U = −∂1∂1U , and so after integrating6 one sees
that U is indeed a chiral boson. The boundary Majorana-Weyl fermion term is the
natural superpartner for this chiral boson.
Although we have only addressed the abelian CS theory it seems very plausible that
similar considerations in the non-abelian context would result in the supersymmetric
chiral WZW of Sonnenschein [44]; the kinetic term becomes FJ like, the Wess-Zumino
term is unaltered and the super-partner is a free adjoint Majorana-Weyl fermion.
We now comment on how this might generalize to the ABJM model. First let
us think about the bosonic sector. We saw in section 2 that we should anticipate a
non-chiral WZW model for the ABJM theory. However we have changed the bound-
ary condition used in the derivation of the WZW model. To construct a non-chiral
boundary string theory we must choose boundary conditions that do not break the
parity invariance. Therefore the appropriate parity preserving boundary conditions
are v+ = 0 for one gauge field and vˆ− = 0 for the other. In the bosonic sector this
choice would indeed result in chiral and anti chiral FJ action for a boundary boson.
6The arbitrary function that arises upon integration is set to zero by invoking suitable boundary
conditions.
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However, such a choice is not compatible with preserving N = (1, 0) supersymme-
try. Our bulk + boundary construction applied to the case of two gauge group factors
would yield two propagating boundary fermions with the same chirality. This is quite
clearly not the correct supersymmetric completion of two chiral bosons of opposite
chirality. Of course, this is really a triviality. Breaking half of N = 1 supersymmetry
in necessarily chiral.
5 N = 1 Super Chern-Simons Matter Theory
We begin with a pure matter theory based on a real scalar superfield Φ = (φ, ψ, f).
The action is given as
SM0 =
∫
d3x
∫
d2θ − 1
2
DαΦDαΦ (43)
=
∫
d3xff − ∂µφ∂µφ− ψγµ∂µψ (44)
and the extra contribution
SM1 =
∫
d3x∂3[
1
2
DαΦDαΦ]θ=0 =
∫
d3x∂3 (ψ+ψ−) (45)
is such that S0+S1 has + SUSY. Since no auxiliary field occurs on the boundary there
is no particular motivation to add any additional boundary action to this. We now
consider the U(1) gauged version of this action for complex fields with a Chern-Simons
kinetic term for the gauge field. The two matter terms to consider are
SM0 =
∫
d3x
∫
d2θ − 1
2
(Dα + iΓα)Φ∗(Dα − iΓα)Φ , (46)
SM1 =
∫
d3x∂3
[1
2
(Dα + iΓα)Φ∗(Dα − iΓα)Φ
]
θ=0
. (47)
Both of these terms are completely invariant under the superspace generalization of
gauge symmetry:
Γα → Γα +DαΛ , (48)
Φ → exp(iΛ)Φ . (49)
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By construction S0 + S1 is now + supersymmetric. At this stage we must think a
little about how we expand these actions into components. One would normally adopt
Wess-Zumino gauge (χ = M = 0) however, we have established that χ− occurs as a
propagating boundary field in the Chern-Simons kinetic term and the WZ symmetry
associated to this field is broken. We ask to what extent can we work in WZ gauge
when evaluating the above actions?
Let us answer this question in the abstract. Suppose we have some fields donated
by χ, φ and some symmetry U which acts as a shift on χ i.e.
U :
{
χ 7→ χU = χ+ U
φ 7→ φU (50)
For an action S[χ, φ] that is invariant under these transformations we can gauge fix
in the standard way. We introduce a fiducial choice χˆ = 0 and insert this into the
path integral; the Fadeev Popov determinant is trivial, and gauge invariance allows
us to perform the integration over the gauge group7.
Now let us suppose that there is an addition action S ′[χ] that is not invariant
under the symmetry U . This is exactly the situation we have found ourselves in. Let
us go on regardless with the gauge fixing procedure and see where we end up. This
time we are not able to perform the integration over the gauge group. It may seems
as though we have not achieved anything but, the key point is that for the portion of
the action S that does not break the symmetry we can adopt the gauge fixing choice.
Applied to our Chern-Simons matter theory this shows that weare allowed to consider
the matter sector in the WZ gauge8.
Expanding in components we find that the total N = (1, 0) Chern-Simons matter
7One must also check if there are any constraints that we must enforce on the Hilbert space
due to ‘missing’ equations of motion (for example, in string theory fixing conformal gauge requires
that the stress tensor must act as zero on the Hilbert space). In the cases that we are interested
in however the remaining equations of motion after gauge fixing automatically imply the ‘missing’
equation from WZ fields.
8Of course, there are the regular issues of the WZ gauge breaking supersymmetry but this is not
pertinent to our discussion.
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theory with a boundary is given by9
SCS−Mtot = S
CS
tot + S
M
0 + S
M
1 (51)
=
∫
d3xκλλ− 4κµνρvµ∂νvρ + ff ∗ −∇µφ∇µφ∗ − ψ∗γµ∂µψ (52)
+
i
2
(ψλφ∗ − ψ∗λφ) (53)
+∂3[2κχ−γm∂mχ− + 2κvmvm + ψ∗−ψ+] . (54)
Now the importance of removing the boundary gaugino couplings becomes clear; we
can integrate out the gaugino to generate the potential. The result (generalized to
include capital Roman flavor indices) is given by
SCS−Mtot =
∫
d3x − 4κµνρvµ∂νvρµνλ −∇µφI∇µφ∗I − ψ∗Iγµ∂µψI (55)
+
1
16κ
(ψ∗Iψ
∗
JφIφJ + ψIψJφ
∗
Iφ
∗
J − 2ψ∗IψJφIφ∗J) (56)
+∂3[2κχ−γm∂mχ− + 2κvmvm + ψ∗−Iψ+I ] . (57)
In this case the boundary terms are not especially interesting; they are just the combi-
nation of the ones obtained for Chern-Simons theory and ungauged matter separately.
6 N = 2 Supersymmetry with Boundary - General Theory
We now move up in complexity by considering extended supersymmetry. In three-
dimensions N = 2 superspace is realized by taking the Grassman coordinates to be
complex:
θα =
1√
2
(θ1α + iθ2α) (58)
We wish to generalize the procedure used in the N = 1 case to restore supersymmetry
with boundaries. It is easiest to do this by working in a basis where we decompose
the N = 2 supersymmetry into two copies of the real N = 1 symmetry [47] with the
9We have included a normalisation factor κ for the Chern-Simons term. In the non-abelian
theory, invariance under large gauge transformations requires κ to obey a quantisation condition.
With traces normalised so that Tr(T aT b) = δab we have that κ ∈ Z32pi .
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algebra10
{Qi , Qj} = 2δijγµ∂µ i = {1, 2} . (59)
Under this decomposition the supersymmetry parameters are two 2-component Ma-
jorana spinors α1 and 
α
2 . Thus we may repeat the construction for N = 1 SUSY with
a boundary twice. We start with the most general N = 2 action
S0 = −
∫
d3xd2θd2θ¯ L[θ, θ¯] =
∫
d3xd2θ1d
2θ2 L[θ1, θ2] . (60)
We augment this action with another term
S1 = −
∫
d3xd2θ1∂3L|θ2=0 , (61)
so that S0+S1 has the 2+Q2− supersymmetry. There is now an apparent choice for the
remaining supercharge as to whether we preserve the same chirality supersymmetry
1+Q1− or the opposite 1−Q1+. We consider two further terms
S2 = −
∫
d3x
∫
d2θ2 ∂3L|θ1=0 , (62)
S3 =
∫
d3x ∂3∂3L|θ1=θ2=0 (63)
Then S0 +S1 +S2 +S3 preserves (1+, 2+) supersymmetry and we shall describe this
choice as N = (2, 0). This can be expressed as a projection condition on the complex
spinor
P+ = P+
1√
2
(1 + i2) =  . (64)
On the other hand S0 + S1 − S2 − S3 preserves (1−, 2+) supersymmetry and we
shall call this choice N = (1, 1).
In N = 2 theories we can also have superpotentials of the form
SW =
∫
d3x
∫
d2θW (Φ) + c.c. (65)
10See appendix for details.
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where Φ is an N = 2 chiral superfield. We apply the above procedure and find
SW0 =
∫
d3xd2θW (Φ) =
∫
d3xd2θd2θ¯(−θ¯2)W (Φ) (66)
=
∫
d3xd2θ1d
2θ2
1
2
(θ21 − θ22 − iθ1θ2)W (Φ) (67)
and
SW1 =
∫
d3xd2θ1 ∂3[−1
2
(θ21 − θ22 − iθ1θ2)W (Φ)]θ2=0 =
∫
d3x
1
2
∂3W (a) , (68)
SW2 =
∫
d3xd2θ2 ∂3[−1
2
(θ21 − θ22 − iθ1θ2)W (Φ)]θ1=0 = −
∫
d3x
1
2
∂3W (a) , (69)
SW3 = −
∫
d3x ∂3∂3[−1
2
(θ21 − θ22 − iθ1θ2)W (Φ)]θ1=θ2=0 = 0 . (70)
In which a is the lowest component of Φ. The implication is that if we are to preserve
N = (2, 0) supersymmetry a superpotential term requires no boundary contribution
however to preserve N = (1, 1) supersymmetry we must add to the lagrangian a
boundary term of ∂3W (a).
7 N = 2 Chern-Simons with Boundary
The abelian N = 2 Chern-Simons theory is described by an action [47,49]
S0 =
∫
d3xd2θd2θ¯V DαD¯αV . (71)
The vector superfield V can be expanded in to N = 1 component superfields as
V (θ1, θ2) = A(θ1) + θ2Γ(θ1)− θ22(B(θ1)−D21A) (72)
with components summarized by
A = (a, ψ, f) , B = (b, η, g) , Γ = (χ,M, v, λ) . (73)
The extended supersymmetric gauge transformation allow the ‘Ivanov’ gauge choice
whereby we set A = 0 and invoke standard WZ gauge for the spinor multiplet namely
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Γ = (0, 0, v, λ) [47]. Note that this choice differs from the gauge choice adopted in
some of the rest of the literature e.g. [30, 45].
We expand S0 into N = 1 superfields
SCS0 =
∫
d3xd2θ1(BB + Γ
αWα +
1
2
Dα1 (D1αBA−BD1αA)) . (74)
In this action the components of A occur only inside a total derivatives which can
easily been seen from the identity D2Dα = (γµD)α∂µ. Thus, without a boundary, the
only difference between this and N = 1 Chern-Simons theory is the appearance of an
auxiliary multiplet. In components
SCS0 =
∫
d3x2gb+ ηη + λλ− 4µνρvµ∂νvρ (75)
+∂3(λγ
3χ+ ηγ3ψ + ∂3ba− b∂3a) . (76)
Following the rules of section 6, we build the extra terms
SCS1 =
∫
d3x∂3(−ag − bf − ηψ) , (77)
SCS2 =
∫
d3x∂3(−bb− λχ− ag + bf) , (78)
SCS3 =
∫
d3x∂3(∂3ab+ a∂3b) . (79)
Hence we form a N = (2, 0) action
SCS(2,0) = S
CS
0 + S
CS
1 + S
CS
2 + S
CS
3 (80)
=
∫
d3x2gb+ ηη + λλ− 4µνρvµ∂νvρ (81)
+∂3(−2χ−λ+ − 2ψ−η+ − bb− 2a(g − ∂3b)) , (82)
and a N = (1, 1) action
SCS(1,1) = S
CS
0 + S
CS
1 − SCS2 − SCS3 (83)
=
∫
d3x2gb+ ηη + λλ− 4µνρvµ∂νvρ (84)
+∂3(2χ+λ− − 2ψ−η+ + bb− 2(f + ∂3a)b) . (85)
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In both of these cases we find that we have a gaugino coupling on the boundary.
Motivated by the N = 1 example we now construct some 2d boundary terms that
can be used to remove this term.
For the N = (2, 0) case we consider the addition of
Sb(2,0) =
∫
d2x
∫
dθ1+γ
mdθ2+2
ˆˆ
V
ˆˆ
Vm , (86)
where the half supersymmetric superfields are defined and constructed in the ap-
pendix. Expanding out into components one finds that
SCS(2,0) − Sb(2,0) =
∫
d3x2gb+ ηη + λλ− 4µνρvµ∂νvρ (87)
+2∂3(vnv
n + χ−γm∂mχ− + ψ−γm∂mψ− + ∂ma∂ma− 1
2
bb) .(88)
In this case we have removed both the gaugino couplings from the boundary at the
expense of introducing some propagating boundary fields. We have two propagat-
ing fermions of the same chirality; this indicates the non-chiral (2, 0) nature of the
symmetry.
Also notice that we have not eliminated the auxiliary field b from the boundary.
This will actually prove to be a source of interest to us. Notice that the other auxiliary
scalar g serves as a Lagrange multiplier enforcing b to take a particular value. We
then have no need to eliminate b by its equations of motion and so it is not a problem
that it enters in our boundary term. Moreover, when we couple to matter this will
provide an interesting boundary interaction term for the matter fields.
For the N = (1, 1) case we consider
Sb(1,1) =
∫
d2x
∫
dθ1−dθ2+2
˜ˆ
Uα
˜ˆ
Vα (89)
where again we refer the reader to the appendix. We find that
Sb(1,1) = −
∫
d3x2∂3[χ+λ− + ψ−η+ + χ+γm∂mχ+ + ψ−γm∂mψ− + b(f + ∂3a)− (f − ∂3a)2] .(90)
Unlike the N = (2, 0) case we can no longer eliminate both the gaugino boundary
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couplings. The best we can do is
SCS(1,1) − Sb(1,1) =
∫
d3x2gb+ ηη + λλ− 4µνρvµ∂νvρ (91)
+2∂3(vnv
n + χ+γ
m∂mχ+ + 2χ+λ− + ψ−γm∂mψ− − (f + ∂3a)2 + 1
2
bb) .
On the boundary the two fermions of opposite chirality seems to indicate the (1, 1)
nature of the theory.
We see that the χ+λ− interaction remains. This is not a necessarily a problem; it
simply means that the auxiliary field is needed for off-shell supersymmetry without
boundary conditions. If we are interested in on-shell effects we may choose a bound-
ary condition to eliminate this term providing it is compatible with the preserved
supersymmetry. Such a boundary condition is be encoded in the (1,1) multiplets. For
instance we may choose as a boundary condition for the gauge sector
0 =
˜ˆ
Uα = χ+α − (θ1−γm)αvm − θ2+α(b− (f + ∂3a)) + θ2+θ1−(η+ + γm∂mψ−)(92)
This choice of boundary condition suggests that χ+ = 0. This boundary condition
would certainly eliminate any concerns about the χ+λ− interaction; on-shell we could
freely integrate out λ from the bulk. It also suggests that χ+ may not actually be a
propagating degree of freedom at all.
We also have a non-propagating scalar squared term on the boundary given by
(f + ∂3a)
2. A naive Euler Lagrange variation would suggest setting this term to
zero, at least on-shell. However we can see form the boundary multiplet (92) that
compatibility with supersymmetry also requires that b = 0. Similarly we see that ψ−
obeys a simple 2d fermion equation of motion provided that η+ = 0 on the boundary.
8 N = 2 Matter with Boundary
N = 2 matter is describe by chiral and anti chiral superfields with N = 1 expansion
Z(θ1, θ2) = 1
2
Z(θ1) +
1
2
iθ2D1αZ +
1
2
θ22D
2
1Z , (93)
Z¯(θ1, θ2) = 1
2
Z∗(θ1)− 1
2
iθ2D1αZ
∗ +
1
2
θ22D
2
1Z
∗ , (94)
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where the factors of half are for later convenience and the components of the N = 1
superfields are summarized by Z(θ1) = (Z, ξ, F ). With our conventions the kinetic
term for gauged matter is given by
S0 =
∫
d3xd4θZ¯e2VZ . (95)
According to our earlier consideration of gauge fixing we evaluate this action using
‘Ivanov’ gauge
V (θ1, θ2) = θ2Γ(θ1)− θ22B(θ1) , (96)
with Γ = (0, 0, vµ, λ) and F = (b, η, g).
First we consider the N = (2, 0) case. The construction of section 6, yields the
following bulk + boundary action
SM(2,0) =
∫
d3xLbulk + ∂3[ξ∗−ξ+ +
1
2
Z∗bZ] (97)
where the bulk lagrangian is given by
Lbulk = F ∗F −∇µZ∗∇µZ − ξ∗γµ∇µξ (98)
−1
2
(Z∗bF + Z∗(η + iλ)ξ) + c.c. (99)
−1
2
Z∗gZ − 1
2
ξ∗bξ . (100)
We observe that in this case we have a new gauge-matter coupling on the boundary of
the form Z∗bZ. This will lead to new boundary interactions once the auxiliary field
b is eliminated. If we now couple this matter sector to the N = (2, 0) Chern-Simons
term, generalize to include flavor indices and integrate out auxiliary fields, we find
SCSM(2,0) = κS
CS
(2,0) tot + S
M
(2,0) (101)
=
∫
Lkin + Lint + Lpot + ∂3L(2,0) bound (102)
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where
Lkin = −4κµνρvµ∂νvρ −∇µZ∗A∇µZA − ξ∗Aγµ∇µξA (103)
Lint = − 1
8κ
(
2ξ∗AZ
AZ∗Bξ
B + ξ∗Aξ
AZ∗BZ
B
)
(104)
Lpot = − 1
64κ2
(
Z∗AZ
A
)3
(105)
L(2,0) bound = 2κ [vnvn + χ−γm∂mχ− + ψ−γm∂mψ− + a∂m∂ma] (106)
+ξ∗A−ξ
A
+ +
1
16κ
Z∗AZ
AZ∗BZ
B (107)
The most striking new feature is the emergence of a scalar potential on the bound-
ary. One possible interpretation for such a term can be found in the classical liter-
ature [50]. Consider a classical membrane whose boundary is attached to the equi-
librium displacement by means of zero natural length springs as displayed in figure
1.
Figure 1: A membrane attached via springs at its boundary giving rise to boundary
potential
It is clear that such a system requires the inclusion of a boundary potential due to
the potential energy stored in the elastic displacement of these springs. Applying this
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thinking to our above action suggests that the boundary can be thought of as being
attached to some sort of elastic material which displays a non-linear restorative force to
displacement. We interpret this as being due to the fivebrane. Futher understanding
of this term from the fivebrane perspective would be very desirable.
If one now performs an Euler Lagrange variation we find a boundary condition for
the scalar
∂3Z
A − 1
8κ
ZAZ∗BZ
B = 0. (108)
How should we interpret this?
Let us consider searching for 1/2 supersymmetric bosonic vacuum solutions of the
closed membrane theory and forget for a moment about the boundary terms. This is
most easily done by looking at the Hamiltonian and employing the Bogomolny trick.
We demand that the scalar fields are in a static configuration and only vary in the x3
direction and the gauge fields are unexcited. Then the Hamiltonian is given by
H = ∂3Z
A∂3Z
∗
A +
1
64κ2
(
Z∗AZ
A
)3
(109)
= |∂3ZA − 1
8κ
ZBZ
∗
BZ
A|2 + 1
16κ
∂3(Z
∗
AZ
AZ∗BZ
B) . (110)
Then the minimum energy configuration satisfies the BPS bound
∂3Z
A − 1
8κ
ZAZ∗BZ
B = 0. (111)
So we see that our ‘natural’ boundary condition obtained from the generalized theory
corresponds exactly to the BPS equation.
We now turn to the N = (1, 1) case. Here things are slightly different. In the
gauged matter sector we find
SM(1,1) =
∫
d3xLbulk + ∂3[1
2
ξ∗γ3ξ +
1
2
F ∗Z +
1
2
Z∗F +
1
2
∂3(Z
∗Z)] (112)
where the bulk Lagrangian is unchanged. We observe that the non-propagating scalar
F appears on the boundary. Unlike the similar situations encountered before it seems
to be impossible to eliminate all of these terms from the boundary by the addition of an
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extra boundary action. This established by a detailed examination of the N = (1, 1)
boundary multiplets described in the appendix. This means that the auxiliary field
is required for the action to have supersymmetry without boundary conditions.
The full result for the N = (1, 1) Chern-Simons Matter theory is
SCSM(1,1) = κS
CS
(1,1) tot + S
M
(1,1) (113)
=
∫
Lkin + Lint + LF + ∂3L(1,1) bound (114)
where the kinetic and bose-fermi interaction terms are as before. The occurrence of
F on the boundary prevents simply integrating out F and so we have
LF = F ∗F − 1
8κ
(F ∗(Z∗Z)Z + Z∗(Z∗Z)F ) . (115)
The boundary terms are given by
L(1,1) bound = 2κvnvn + 2κχ+γm∂mχ+ + 4κχ+λ− + 2κψ−γm∂mψ− (116)
−2κ(f + ∂3a)2 + κbb (117)
1
2
ξ∗γ3ξ +
1
2
F ∗Z +
1
2
Z∗F +
1
2
∂3(Z
∗Z) (118)
If we go on-shell, we could perform a naive EL variation in F we come to the
conclusion that Z must be zero on the boundary. Alternatively we might choose
F = 0 as a boundary condition upfront, but after looking at the bulk equation for F we
come to the same conclusion that Z = 0 as a boundary condition. More sophisticated
would be to look at the boundary N = (1, 1) multiplets and see that ∂3Z + F is an
appropriate boundary condition. Since this choice eliminates F from the boundary
action, we may simply integrate out the F term and generate the bosonic potential for
on-shell fields. Also following the discussion in the section 7 (i.e. pure chern-simons)
it is natural to choose gauge sector boundary conditions in which b = f + ∂3a = 0.
In this case, the lagrange multiplier which enforces b = 1
4κ
Z∗Z means that the b = 0
boundary condition is equivalent to fixing Z = F = 0 on the boundary. This is a
little disheartening since the restrictions appear so strong. However, we shall see that
when we have a superpotential that this result changes.
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9 ABJM with Boundary
9.1 ABJM review
With a single gauge group factor the maximal extension of Chern-Simons matter
theories seems to be N = 3 [46]. From an N = 2 superspace perspective this theory
is built from pairs of chiral matter fields transforming in conjugate representations of
the gauge group and a particular superpotential [45]. In component form this can be
recast in a way with manifest SU(2)R symmetry.
The ABJM model generalizes the N = 3 theory by having two gauge group factors
and and two conjugate sets of bi-fundamental matter. We summarize this action in
N = 2 superspace as formulated in [30].
The gauge fields are contained in two U(N) adjoint superfields (V and Vˆ ). We will
suppress all gauge indices. The kinetic terms for these gauge fields are Chern-Simons
but at opposite levels k and −k. In superspace the non-abelian Chern-Simons action
is a little complicated and is given by
SCS[V ] = κ
∫
d3x
∫
d4θ
∫ 1
0
dtTrV D¯α(etVDαe
−tV ) . (119)
The matter is described by bi-fundamental chiral superfields ZA and WA trans-
forming respectively in the (N, N¯) and (N¯ ,N) of the group. The global flavor index
takes values A = {1, 2}. The components of ZA (WA) are a complex scalar, ZA (WA),
a fermion, ξAα (ωAα), and an auxiliary complex scalar F
A (GA). The four complex
scalars ZA and WA encode the transverse position of the membrane:
Z1 = X
1 + iX5 W 1 = X3† + iX7† (120)
Z2 = X
2 + iX6 W 1 = X4† + iX8† . (121)
Making this split of the transverse scalars means giving up on having manifest SO(8)
R-symmetry.
The kinetic terms for the matter fields are, in our conventions,
SMat =
∫
d3x
∫
d4θTr
(
Z¯Ae2VZAe−2Vˆ + W¯Ae2VˆWAe−2V
)
(122)
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The superpotential is given by
Spot =
∫
d3x
∫
d2θW (Z,W) +
∫
d3x
∫
d2θ¯W (Z¯, W¯) , (123)
where
W =
1
κ
AC
BDTr
(ZAWBZCWD) , W¯ = 1κACBDTr (Z¯AW¯BZ¯CW¯D) . (124)
This superpotential has a manifest SU(2) × SU(2) global symmetry and since we
are working in N = 2 superspace there is also a U(1)R. In fact, with the correct
normalisation for the superpotential, which depends on the Chern-Simons level, the
theory enjoys an enhanced SU(4)R symmetry [30]. The ABJM model is therefore
N = 6 supersymmetric. The geometric reason for this 3
4
maximal supersymmetry
is that the transverse scalars actually describe a Zk orbifold of C4. For k = 1, 2
this quotient should preserve all the supersymmetry [13], however the details of this
enhancement are subtle.
In summary the full ABJM model is then given by
kSCS[V ]− kSCS[Vˆ ] + SMat + SPot . (125)
The full bulk action can be found in [30] and is characterized by a quartic bose-fermi
interaction and sextic bosonic potential.
9.2 U(1)× U(1) ABJM with boundary
Given the complexity of the non-abelian Chern-Simons term it is natural to start with
the most basic U(1)×U(1) theory. In this case the superpotential obviously vanishes.
Also, because the fields commute, it turns out that all of the matter interactions
disappear once auxiliary fields are integrated out. Without boundary the theory is
simple and free;
SbulkU(1)×U(1) =
∫
d3x 4κµνρ (vµ∂νvρ − vˆµ∂ν vˆρ) (126)
+FAF ∗A −DµZ∗ADµZA − ξ∗AγµDµξA (127)
+GAG
A∗ −DµWA∗DµWA − ωA∗γµDµωA , (128)
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where the covariant derivative acts as DµZ = ∂µZ + ivµZ − iZvˆµ and with opposite
charges on W . In the above expression we have eliminate all auxiliary fields except
F and G for reasons that will become clear shortly.
With a boundary we can essentially read off the additional terms me must add to
restore half the supersymmetry from section 7.
In theN = (2, 0) procedure we find we must include the following boundary terms:
L(2,0) boundU(1)×U(1) = 2k (vnvn + χ−γm∂mχ− + ψ−γm∂mψ− + ∂ma∂ma) (129)
−2k
(
vˆnvˆ
n + χˆ−γm∂mχˆ− + ψˆ−γm∂mψˆ− + ∂maˆ∂maˆ
)
(130)
+ξ∗A−ξ
A
+ + ω
∗
A−ω
A (131)
In this expression, we have used the the Lagrange multiplier equation for g and gˆ
to give values to the auxiliary fields b and bˆ. These provide canceling contributions
in the abelian case. Since we have chiral N = (2, 0) supersymmetry, it comes as no
surprise that we have a chiral action with propagating fermions of the same chirality.
In the N = (1, 1) case
L(1,1) boundU(1)×U(1) = 2k
(
vnv
n + 2χ+λ− + χ+γm∂mχ+ + ψ−γm∂mψ− − (f + ∂3a)2 + 1
2
bb
)
−2k
(
vˆnvˆ
n + 2χˆ+λˆ− + χˆ+γm∂mχˆ+ + ψˆ−γm∂mψˆ− − (fˆ + ∂3aˆ)2 + 1
2
bˆb
)
+
1
2
ξ∗Aγ
3ξA +
1
2
F ∗AZ
A +
1
2
Z∗AF
A +
1
2
∂3(Z
∗
AZ
A)
+
1
2
ωA∗γ3ωA +
1
2
GA∗WA +
1
2
WA∗GA +
1
2
∂3(W
A∗WA) (132)
Here we see that GA and F
A occur as boundary couplings.
We have preserved (1, 1) supersymmetry in the parity invariant ABJM model.
This strongly suggests that boundary theory should have equal number of left and
right movers. It is not chirality invariant because these are different fields.
To gain an immediate physical understanding we go on-shell. We pick boundary
conditions that are consistent with the parity invariance of the ABJM model and the
supersymmetry. The boundary (1,1) superfields detailed in the appendix readily tell
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us how to choose supersymmetric boundary conditions11.
For the vector multiplet V we choose the following boundary condition:
0 = Vα = ψ− + θ1−(f + ∂3a)− θ2+γ1v− + θ2+θ1−(λ− − γ1∂−χ+) . (133)
For the other vector multiplet Vˆ we choose:
0 = Uˆα = χˆ+ − θ1−γ1vˆ+ − θ2+(bˆ− (fˆ + ∂3aˆ) + θ2+θ1−(ηˆ+ + γ1∂+ψˆ−) . (134)
Notice that we have v− = 0 and vˆ+ = 0, which is compatible with parity. These
conditions are exactly what we have seen is required to produce the combination of a
chiral and anti-chiral FJ action in the pure gauge (no matter) theory.
The lowest component of these two boundary superfields show that ψ− and χˆ+
are constrained to zero. We may also set the gauginos appearing in the boundary
conditions to zero, i.e. λ− = ηˆ+ = 0.
For the auxiliary scalars demanding f + ∂3a = bˆ − (fˆ + ∂3aˆ) = 0 can only be
compatible with parity if both bˆ and b are also set to zero on the boundary.
As we saw in the earlier example in section 8, the appropriate boundary conditions
on the matter seem to be F + ∂3Z = G + ∂3W = 0. In the Abelian scenario this, as
before, forces Z = W = 0 on the boundary. This will not be true in the non-abelian
case because there is a superpotential.
If we plug in the trivial i.e. algebraic and non-derivative boundary conditions in
to the (1,1) boundary terms (132) we are simply left with
L(1,1) boundU(1)×U(1) = 2kχ+γm∂mχ+ − 2kψˆ−γm∂mψˆ− (135)
This boundary theory quite clearly has two propagating fermions of opposite chirality
and is essentially non-chiral.
9.3 Towards U(N)× U(N) ABJM with boundary
As we have seen the non-abelian kinetic term is a very complicated affair. In principle
we could, by following the procedure of section 6, construct the boundary action to
11we drop the tilde-hat notation of the appendix and understand that hatted quantities correspond
to the hatted vector multiplet
31
preserve half the supersymmetry. (For a treatment of N = 1 non-abelian super
Chern-Simons using similar techniques to us see [52]). However, if one wanted to look
at this in component form it would take significant effort. There are also addition
complications concerning field redefinitions and gauge fixing. Furthermore we would
have to establish the correct additional terms required to remove the gaugino boundary
interactions.
In this paper we don’t intend to complete all of the above. Instead we will make
a couple of sensible assumptions that will allow us to learn about the matter sector.
We assume that if, and only if, we were able to eliminate an auxiliary field bound-
ary interaction in the abelian case through the addition of separate boundary actions
we will be able to do so for the non-abelian case. The only difference will be the
obvious inclusion of a trace.
Although we will only have partial knowledge of the gauge sector boundary terms
(e.g. we do not know any commutator terms) we will have full knowledge of the
matter sector. This will be enough to inform us about a boundary potential for the
bosonic matter fields.
9.4 N = (2, 0) supersymmetry
We first consider the case where we preserve manifest N = (2, 0) supersymmetry.
In what follows we shall turn our attention to the just the boundary contributions
for the bosonic matter fields. We find the following boundary terms
L(2,0)bound = −κbaba +
1
2
baTr
(
T a(ZZ† −W †W ))+ κbˆabˆa − 1
2
bˆaTr
(
T a(Z†Z −WW †))+ . . .(136)
where the dots indicate boundary contributions from fermions in the matter multiplet
and terms generated by the gauge multiplet which don’t interact with the matter. The
abelian contribution to these omitted terms can be read off from the constructions in
the preceding section. Because we are preserving N = (2, 0) supersymmetry there is
no boundary contribution from the superpotential.
In the bulk, we find that g and gˆ are Lagrange multipliers enforcing b and bˆ to
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take a particular value given by
ba =
1
4κ
Tr
(
T a(ZZ† −W †W )) , bˆa = 1
4κ
Tr
(
T a(Z†Z −WW †)) . (137)
We may make the above replacement into the boundary terms and find
L(2,0)bound = −
1
16κ
Tr[(Z†Z −WW †)2 − (ZZ† −W †W )2] + . . . . (138)
A key observation is that we now have a quartic boundary scalar potential. We
interpret this as being the effect of a five-brane. The consequence of this boundary
potential can be seen in the field equations and Euler-Lagrange boundary conditions.
The matter field Z obeys a natural boundary condition of the form
∂3Z
A +
1
8κ
[ZA(Z†Z −WW †)− (ZZ† −W †W )ZA] = 0 . (139)
It is helpful to introduce a three-bracket given by
[A,B;C] = AC†B −BC†A (140)
in order to make contact with the Bagger-Lambert formulation of the ABJM model
[14]. One can re-write the boundary condition using this bracket as
∂3Z
A − 1
8κ
([ZB, ZA;Z†B] + [Z
A,W †B;WB]) = 0 . (141)
This equation (together with the similar contribution for W ) can be seen in the
‘D-term’ BPS equation found in [42] by looking at the Hamiltonian of the ABJM
model. However, the full corresponding BPS equations also include a constraint
AC
BDWBZ
CWD = 0 which we have not observed. When only half the scalars,
e.g the ZA, are excited this constraint is solved and the remaining BPS equation
simplifies to
∂3Z
A − 1
8κ
[ZB, ZA;Z†B] = 0 . (142)
This equation should yield fuzzy funnel solutions describing the membrane ending on
the five-brane. However, the symmetry of this equation is only SU(2)×U(1) whereas
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the Basu-Harvey equation describing fuzzy three-spheres has SO(4) symmetry. Solu-
tions of (142) have been found and are thought to represent fuzzy S3/Zk [42]. In [55]
fluctuations of the fuzzy funnel were analyzed in a large k limit where a perturbation
theory can be used. This indicated an underlying fuzzy S2 structure rather than the
perhaps expected fuzzy S3.
9.5 N = (1, 1) supersymmetry
We turn to N = (1, 1) case. In this case we find the following contributions to the
bosonic boundary term
L(1,1)bound =
1
2
Z†(F + ∂3Z) +
1
2
W (W † + ∂3G† + h.c. (143)
−1
2
b(ZZ† −W †W ) + 1
2
bˆ(Z†Z −WW †)− κbb+ κbˆbˆ (144)
− 1
8κ
AC
BDZAWBZ
CWD + h.c.+ . . . , (145)
where again the dots indicate the fermions and the decoupled gauge sector.
As with the abelian scenario the presence of auxiliary fields in this action makes it
hard to understand the on-shell nature of the theory. If we choose the same boundary
conditions as the abelian case i.e.
0 = b = bˆ = FA + ∂3Z
A = GA + ∂3WA (146)
then the boundary action reduces to
L(1,1)bound = −
1
8κ
AC
BDZAWBZ
CWD + h.c.+ . . . . (147)
Unlike the abelian case however, the b boundary condition does not require that
Z = W = 0. It does constrain the matter fields to obey
ba =
1
4κ
Tr
(
T a(ZZ† −W †W )) = 0 , bˆa = 1
4κ
Tr
(
T a(Z†Z −WW †)) = 0 (148)
on the boundary. We may also make use of the bulk equation for F and G together
with the b boundary condition to write the matter boundary condition as
∂3Z
A − 1
4κ
ACBDW
†BZ†CW
†D = 0 , ∂3WA + 14κAC
BDZ†BW
†CZ†D = 0 (149)
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These equations can be recognised as the ‘F-term’ BPS equations found in [42] by
the Bogomolny completion of the Hamiltonian. The constraints (148) also imply the
constraints found by the Bogomolny trick, although here they are a little stronger.
Note that after invoking these boundary conditions there remains a quartic bound-
ary potential, which is not set to zero, and is given by (147). Upon performing an
EL variation of the bulk+boundary action the total derivative picked up from vary-
ing the scalar kinetic terms combines with the variation of the boundary potential to
reproduce the boundary conditions.
10 Discussion
This paper is the first step towards the study of open interacting membranes. The
ultimate aim is to gain insight into the fivebrane as a theory of open membranes
though as yet we are still far from that goal. In spite of this, the reproduction of the
BPS equations as supersymmetric boundary equations encourages us that we are on
the right path to understanding more about the interacting self-dual string.
(As an aside, the gauge sector of the theory is interesting in its own right as its
boundary theory produces an interesting WZW model. The role of parity and the
resulting chirality in the WZW model is particularly interesting).
There is still a great deal to understand. In particular one would like to see
the role of the quartic potential on the boundary from the fivebrane perspective. A
more direct question is to understand the boundary equation arising from the (1,1)
supersymmetry. As stated this has been observed before as a BPS equation but so
far the solutions are not known and the brane interpretation is open. Solving this
equation and interpreting the solutions would hopefully provide some insight. The
relation between the two choices of supersymmetry are also interesting and perhaps
there is a map between solutions.
The most important limitation to this work was that using the superspace method
described above meant that it was easiest to deal with only a manifest N = 2 super-
symmetry. Obviously extending these results to higher supersymmetry would be of
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great interest though somewhat technically demanding. Essentially, one would like a
complete classification of the boundaries preserving different amounts of supersymme-
try, beginning with membranes that also preserve differing amounts of supersymmetry.
We also did not carry out a rigorous derivation using the full non-abelian superspace
action; although we expect no surprises it would be good to have this further devel-
oped.
There is a very interesting complimentary approach to this work that we have as
yet not explored. To study open interacting membranes, one could use an ABJM style
brane set up in IIB with the addition of a suitable boundary and thus the inclusion
of an additional NS5 brane. One could then be able to utilise the work of Gaiotto
and Witten [53] in this ABJM configuration to learn about the open membrane. It
would be interesting to see from this perspective whether the different choices of
supersymmetry preserved by the boundary are related to symmetries in the branes
set up. (The changing of the type of supersymmetry seems reminiscent of T-duality).
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12 Appendix 1: N = 1 Supersymmetry Conventions
We broadly follow Superspace. Index contraction and manipulation is given by
θα = Cαβθβ , θβ = θ
αCαβ , θαθβ = −Cαβθ2 = −1
2
Cαβθ
γθγ , (150)
where
Cαβ = −Cβα = −Cαβ =
(
0 −i
i 0
)
, CαβC
γδ = δγ[αδ
δ
β] . (151)
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When spinor indices are suppressed index contraction is always top right to bottom
left (↘). With this convention it is unnecessary to show conjugation with an overbar.
Gamma matrices obey the Clifford algebra
{γµ, γν}αβ = 2gµνCαβ (152)
where
γµαβ ≡ γµγα Cγβ = γµβα , γµγν = ηµν + µνργρ . (153)
Differentiation and integration is summarized by
∂αθβ = Cαβ ,
∫
d2θθ2 = −1 . (154)
The SUSY charge and covariant derivative are
Qα = ∂α − (γµθ)α∂µ , (155)
Dα = ∂α + (γ
µθ)α∂µ , (156)
and the algebra is
{Qα, Qβ} = −{DαDβ} = 2γµαβ∂µ . (157)
The covariant derivatives satisfy the following identities
DαDβ = −γµαβ∂µ − CαβD2 , (158)
D2Dα = −DαD2 = (γµD)α∂µ , (159)
(D2)2 = 2 , (160)
DαDβDα = 0 . (161)
A scalar superfield is given by
Φ = a+ θψ − θ2f = (a, ψ, f) , (162)
and a spinor superfield by
Γα = χα − θαM + (γµθ)αvµ − θ2[λα + (γµ∂µχ)α] = (χ,M, vµ, λ) . (163)
We use early Greek letters to denote spinor indices, late Greek for 3-dimensional space-
time indices (with xµ = (x0, x1, x3)) and Latin indices for two-dimensional space-time
(xm = (x0, x1)). We assume Lorentzian (-++) signature and 
013 = +1.
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13 Appendix 2: N = 2 Supersymmetry Conventions
In three-dimensions N = 2 superspace is realized by taking the Grassman coordinates
to be complex. For our purposes it is convenient to express these in terms of an N = 1
decomposition by writing
θ =
1√
2
(θ1 + iθ2) , θ¯ =
1√
2
(θ1 − iθ2) (164)
so that the N = 2 superspace covariant derivatives
Dα = ∂α + (γ
µθ¯)α∂µ , D¯α = ∂¯α + (γ
µθ)α∂µ . (165)
are decomposed as
Dα =
1√
2
(D1 − iD2) , D¯α = 1√2(D1 + iD2) (166)
with
Di =
∂
∂θi
+ (γµθi)α∂µ i = {1, 2} , (167)
satisfying the algebra
{Diα , Djβ} = −2δijγµαβ∂µ . (168)
The N = 2 chiral superfield obeys
D¯Φ = 0⇔ D2Φ = iD1Φ (169)
and can be expressed as
Φ = X(θ1) + iθ2D1X +D
2
1Xθ
2
2 (170)
where X(θ1) = a+ θ1ψ − fθ21 is a complex N = 1 superfield. The N = 2 vector field
is a real superfield obeying
V = A(θ1) + θ2Γ− θ22(B −D21A) (171)
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with A and B real N = 1 scalar superfields and Γα a real N = 1 spinor superfield.
The N = 2 gauge transformations are
δgaugeV = i[Φ− Φ¯]⇒

δgaugeA = i[X − X¯]
δgaugeΓα = −D1α(X + X¯)
δgaugeB = 0
 . (172)
The arbitrary shift in A is usually used to gauge fix this field to zero.
14 Appendix 3: Multiplet Decomposition
14.1 N = 1→ N = (1, 0)
There is a simple procedure to obtain half supersymmetric multiplets from a fully
supersymmetric one. We introduce projectors
(P±) =
1
2
(Cαβ ± γ3αβ) (173)
and write the scalar multiplet as
A = a+ θψ − θ2f (174)
= exp(−θ+θ−∂3)
(
Aˆ(θ+) + θ
α
−Aˆα(θ+)
)
(175)
= exp(+θ+θ−∂3)
(
A˜(θ−) + θα+A˜α(θ−)
)
(176)
where hatted objects are now 1+1 dimension superfields whose supersymmetry is gen-
erated by +Q
′
− ≡ +[ ∂∂θ+ −γmθ+∂m] and tilded objects are 1+1 dimension superfields
whose supersymmetry is generated by −Q′+ ≡ −[ ∂∂θ− − γmθ−∂m]. A useful relation
is ∂
∂θα+
θβ+ = P
β
−α .
One can take the spinor multiplet project with P± and perform a similar decom-
position
Γ±α = exp(−θ+θ−∂3)
(
Γˆ±α (θ+) + θ
β
−Γˆ
±
βα(θ+)
)
(177)
= exp(+θ+θ−∂3)
(
Γ˜±α (θ−) + θ
β
+Γ˜
±
βα(θ−)
)
. (178)
In principle the Γˆ±βα and Γ˜
±
βα are Lorentz reducible multiplets so we must take symmet-
ric and anti-symmetric parts to discover the correct irreducible superfields. However
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one find that these fields are either scalar or vector like and not a combination of
both. To be explicit we can write
θβ−Γˆ
+
βα = −θβ−γmβαΣˆ+m , θβ−Γˆ−βα = −θ−αΣˆ− , (179)
θβ+Γ˜
+
βα = −θ+αΣ˜+ , θβ+Γ˜−βα = −θβ+γmβαΣ˜−m . (180)
In components we have
Aˆ = a+ θ+ψ− (181)
Aˆα = ψ+ + θ+ (−f + ∂3a) (182)
Γˆ+α = χ+ + θ+ (v3 −M) (183)
Σˆ+m = vm + θ+
(
1
2
γmλ+ + ∂mχ−
)
(184)
Γˆ−α = χ− − θ+γmvm (185)
Σˆ− = M + v3 − θ+ (λ− − 2∂3χ− + γm∂mχ+) (186)
A˜ = a+ θ−ψ+ (187)
A˜α = ψ− − θ− (f + ∂3a) (188)
Γ˜+α = χ+ − θ−γmvm (189)
Σ˜+ = M − v3 − θ− (λ+ + 2∂3χ+ + γm∂mχ−) (190)
Γ˜−α = χ− − θ− (M + v3) (191)
Σ˜−m = vm + θ−
(
1
2
γmλ− + ∂mχ+
)
(192)
To get to these forms of the superfields one actually must do a little work and use
identities like
(θ−γm)αθ+γmγn∂nχ− = 2(θ−γm)αθ+∂mχ− . (193)
Also when calculating the correct boundary conditions one should bear in mind iden-
tities like, for example,
(θ−γm)αΣˆ+m = (θ−γ
1)α
(
Σˆ+0 + Σˆ
+
1
)
= (θ−γ1)αΣˆ+m=+ . (194)
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14.2 N = 2→ N = (2, 0)orN = (1, 1)
Starting with the most general superfield
V = A(θ1) + θ2Γ(θ1)− θ22C(θ1) (195)
we decompose this into 2d N = (1, 1) or N = (2, 0) multiplets given by
V = exp(−θ2+θ2−∂3) exp(+θ1+θ1−∂3)
(
˜ˆ
V (θ1−, θ2+) + θα1+
˜ˆ
Vα + θ
α
2−
˜ˆ
Uα + θ2−θ1+
˜ˆ
U
)
(196)
= exp(−θ2+θ2−∂3) exp(−θ1+θ1−∂3)
(
ˆˆ
V (θ1+, θ2+) + θ
α
1−
ˆˆ
Vα + θ
α
2−
ˆˆ
Uα + θ2−γmθ1−
ˆˆ
Vm
)
(197)
We can, in turn, express the components of these expansions in terms of the N = 1
decompositions defined previously. We have for N = (1, 1)
˜ˆ
V = A˜ (θ1−) + θα2+Γ˜
−
α (198)
˜ˆ
Vα = A˜α − (γmθ2+)aΣ˜−m (199)
˜ˆ
Uα = Γ˜
+
α + θ2+α
(
−C˜ + ∂3A˜
)
(200)
˜ˆ
U = −Σ˜+ + θβ2+
(
C˜β − ∂3A˜β
)
(201)
and for N = (2, 0):
ˆˆ
V = Aˆ (θ1−) + θα2+Γˆ
−
α (202)
ˆˆ
Vα = Aˆα − θ2+αΣˆ− (203)
ˆˆ
Uα = Γˆ
+
α + θ2+α
(
−Cˆ + ∂3Aˆ
)
(204)
ˆˆ
Vm = Σˆ
+
m −
1
2
(θ2+γm)
α
(
Cˆα − ∂3Aˆα
)
(205)
For the case of the vector field
V (θ1, θ2) = A(θ1) + θ2Γ(θ1)− θ22(B(θ1)−D21A) (206)
with components
A = (a, ψ, f) , B = (b, η, g) , Γ = (χ,M, v, λ) . (207)
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the half supersymmetric multiplets are
ˆˆ
V = a+ θ1+ψ− + θ2+χ− + θ2+γmθ1+vm (208)
ˆˆ
Vα = ψ+α + θ1+α(−f + ∂3a)− θ2+α(M + v3) + θ2+αθβ1+(λ− − 2∂3χ− + γm∂mχ+)β (209)
ˆˆ
Uα = χ+α + θ1+α(v3 −M) + θ2+α(f + ∂3a− b)− θ2+γmθ1+γmβα (η− + γm∂mψ+ − 2∂3ψ−)β(210)
ˆˆ
Vm = vm + θ1+(
1
2
γmλ+ + ∂mχ−)− θ2+(1
2
γmη+ + ∂mψ−)
−θ2+γmθ1+(1
2
(−g + ∂3b+ ∂m∂ma)) (211)
˜ˆ
V = a+ θ1−ψ+ + θ2+χ− − θ2+θ1−(M + v3) (212)
˜ˆ
Vα = ψ−α − θ1−α(f + ∂3a) + (θ2+γm)αvm + θ2+θ1−(λ− + γm∂mχ+) (213)
˜ˆ
Uα = χ+α − (θ1−γm)αvm − θ2+α(b− (f + ∂3a)) + θ2+θ1−(η+ + γm∂mψ−) (214)
˜ˆ
U = v3 −M + θ1−(λ+ + 2∂3χ+ + γm∂mχ−) + θ2+(η− + γm∂mψ+ − 2∂3ψ−)
−θ2+θ1−(g − ∂m∂ma− 2∂3∂3a− 2∂3f − ∂3b) (215)
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